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Chiral rodlike colloids exposed to strong depletion attraction may self-assemble into chiral mem-
branes whose twisted director field differs from that of a 3D bulk chiral nematic. We formulate
a simple microscopic variational theory to determine the elastic moduli of rods assembled into a
bidimensional smectic membrane. The approach is based on a simple Onsager-Straley theory for
a non-uniform director field that we apply to describe rod twist within the membrane. A micro-
scopic approach enables a detailed estimate of the individual Frank elastic moduli (splay, twist and
bend) as well as the twist penetration depth of the smectic membrane in relation to the rod density
and shape. We find that the elastic moduli are distinctly different from those of a bulk nematic
fluid, with the splay elasticity being much larger and the curvature elasticity much smaller than for
rods assembled in a three-dimensional nematic fluid. We argue that the use of the simplistic one-
constant approximation in which all moduli are assumed to be of equal magnitude is not appropriate
for modelling the structure-property relation of smectic membranes.
I. INTRODUCTION
Rodlike colloidal particles are capable of assembling
into a variety of liquid crystalline mesostructures whose
bulk properties depend primarily on the topology of
the director field indicating the average direction of
rod alignment [1, 2]. In general, site-specific attractive
forces between non-spherical nanoparticles may affect the
self-assembly properties and lead to a wealth of differ-
ent superstructures [3] such as twisted ribbons of semi-
conducting rods [4] or platelets [5]. Mixing rodlike col-
loids with non-adsorbing polymers or other small deple-
tant particles induces a short-ranged attractive (‘sticky’)
effective potential between the rods that can be exploited
to control the self-assemby morphology [6, 7]. In the
case of filamentous fd virus rods the additional effect of
intrinsic particle chirality strongly impinges onto the self-
assembled mesostructure and drives a vast range of dif-
ferent twisted or chiral structures ranging from smectic
membranes to chiral ribbons [8] and hexagonal nanocrys-
tals displaying screw-dislocations [9].
Smectic membranes are stabilised by the strong side-
to-side attractions between the rods forcing them to pack
into a quasi-bidimensional fluid. An example of such a
membrane generated from Monte Carlo computer sim-
ulation of hard spherocylinders mixed with penetrable
hard spheres acting as a depletant agent [10] is shown in
Fig. 1. In view of their intrinsic chirality, the rods impart
a twist across the membrane which naturally manifests
itself at the edge of the membrane given that rod twist
is severely penalised near the membrane core where the
curvature is large [11]. The length scale across which the
twisting of the rods away from the membrane normal
propagates towards the core is referred to the twist pen-
etration depth [12] which has recently be quantified ex-
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perimentally in smectic membranes composed of fd rods
[13]. Further important qualitative understanding of the
twisted mesostructure and edge fluctuations has been ac-
quired in a number of recent studies based on continuum
theories for a smectic membrane [11, 14–16].
The purpose of this paper is to seek a more micro-
scopic rationale for the strongly non-linear twist across a
membrane by providing a detailed estimate of the elas-
tic moduli that determine the mesostructure and local
alignment of the rods. Our strategy is to apply Onsager-
Straley second-virial theory [17, 18] originally conceived
for bulk nematic fluids with weakly deformed director
fields to the case of rods confined to a bidimensional
membrane and work out the relevant distrotion ener-
gies. Although the second-virial approximation is ex-
pected to be more severe for the membrane geometry
(even for L/D → ∞) than for a bulk nematic fluid, due
to the strong quasi-2D confinement the particles expe-
rience, it enables the statistical theory to be rendered
analytically tractable [19, 20]. We seek to derive scaling
predictions, which should hold for dense membranes in
which the local alignment along the concentrically twist-
ing nematic director is asymptotically strong. The scal-
ing analysis provides us with valuable information about
the way the chiral strength and elastic properties of these
membranes depend on the rod concentration, aspect ra-
tio and further details of the interparticle potential. We
expect our findings to be valuable for modelling a wide
range of fluid membrane structures composed of rodlike
mesogens. In particular, our findings allow one to go
beyond the simple one-constant approximation in which
elastic moduli are assumed equal and their density or
temperature-dependence remains elusive. The implica-
tions of the derived moduli on the director twist will
be illustrated with some numerical results revealing the
main trends upon variation of the three principal length
scales that determine the twist angle profile across the
membrane, namely the typical distance over which chi-
ral forces propagate (i.e. the inverse pitch), the distance
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2over which twist is expelled to the membrane edge (twist
penetration depth) and the size of the membrane itself.
II. DIRECTOR DEFORMATION IN A
SMECTIC MEMBRANE
Let us consider a membrane assembly in which the rod
centers-of-masses are arranged onto a two-dimensional
(2D) plane. Assuming the membrane to be circularly
symmetric with radius Rm we may invoke a cylindrical
geometry with radial coordinate 0 < R < Rm and angle
α. Deformations from a uniform director field in which
case nˆ = zˆ are assumed to be concentric and can be
described as:
nˆ = cosψ(R) cosϕ(R)zˆ+cosψ(R) sinϕ(R)αˆ+sinψ(R)Rˆ
(1)
in terms of a twist angle ϕ denoting a twist deflection of
the rods with respect to the membrane normal and ψ a
splay deformation along the membrane radial vector (see
Fig. 1). Let us assume the local rod density within the
membrane to be uniform so that the one-body density
reads ρ(R, ωˆ) = ρ0f(R, ωˆ), in terms of the rod number
density ρ0 denoting the number of rods per area unit, and
a three-dimensional rod unit vector ωˆ distributed along
the local director obeying an a priori unknown distribu-
tion f . Without loss of generality, we implicitly fix the
thermal energy kBT as our energy unity. A microscopic
expression for the free energy change per unit area A
imparted by a non-uniform director nˆ(R) (with R pa-
rameterising 2D space) follows from Straley’s extension
of the Onsager functional [17, 21] and reads:
Fel
A
=
ρ20
4
∫
dr〈〈f˙(ωˆ1)f˙(ωˆ2)∂nˆ(ωˆ1)∂nˆ(ωˆ2)Φ(r, ωˆ1, ωˆ2)〉〉
(2)
with r the 2D centre-of-mass distance vector between a
rod pair, Ur the associated pair potential via the Mayer
function Φ = 1− exp(−Ur) and ∂nˆ(ωˆi) = (r ·∇)nˆ(R) · ωˆi
a spatial derivative of the director field. Brackets de-
note an average over the orientation distribution f via
〈(·)〉 = ∫ dωˆf(ωˆ)(·) around the local director and its
derivative f˙ = ∂f/∂ωˆ. If the rods are chiral then there
is a net chiral potential imparting twist across the mem-
brane with associated free energy:
Ft
A
= −ρ
2
0
2
∫
dr〈〈f(ωˆ1)f˙(ωˆ2)∂nˆ(ωˆ2)Φ(r, ωˆ1, ωˆ2)〉〉 (3)
For later reference we also formulate the original Onsager
excess free energy for a nematic fluid with uniform direc-
tor field:
Fex
A
=
ρ20
2
∫
dr〈〈f(ωˆ1)f(ωˆ2)Φ(r, ωˆ1, ωˆ2)〉〉 (4)
Both Fex and Fel depend primarily on the repulsive
(hard-core) part of the rod interaction potential whereas
.
FIG. 1: Simulation snapshot of a concentrically twisted
smectic membrane of radius Rm composed of chiral sphero-
cylinders with aspect ratio ` = 20 mixed with non-adsorbing
polymers (not shown) providing strong side-to-side depletion
attraction between the rods. The top graph depict the top
view, the lower one a side view of the membrane. The di-
rector twist, expressed by the twist angle ϕ, is zero at the
membrane core nˆcore = zˆ and increases concentrically with
radius R. Picture courtesy of A. Kuhnhold (Freiburg Univer-
sity, Germany).
Ft is determined by the microscopic chiral strength of the
rods and vanishes if the rods are non-chiral.
It is important to note that the Onsager-Straley theory,
by nature of its square-gradient character, represents a
local density approximation and is therefore only applica-
ble to situations where gradients in the director are weak
on the scale of the typical rod length. In this context,
we may then assume that the elastic moduli of the mem-
brane are independent of the degree of tilt ϕ and can be
estimated from investigating director fluctuations from a
uniform (zero tilt) director field with nˆ = zˆ. Linearising
Eq. (1) for small gradients in ϕ and ψ and reverting to a
Cartesian frame {Xxˆ, Y yˆ, Zzˆ} enables us to formulate a
small twist and splay distortion around the uniform field:
nˆ1 ∼ zˆ+X
(
∂xψ +O(R−1)
)
xˆ
nˆ2 ∼ zˆ+X
(
∂xϕ+O(R−1
)
yˆ (5)
The O(R−1) contributions are curvature corrections
that can be identified from the full cylindrical pa-
rameterisation of nˆ [Eq. (1)]. The rod orientation
vector can be parameterised as ωˆ = {ωx, ωy, ωz} =
{sin θ sinφ, sin θ cosφ, cos θ}. Elaborating the free energy
expressions above allows us to cast the chiral free energy
into the following form:
Ft
A
∼ Kt(nˆ2 · ∇ × nˆ2) ∼ Kt
(
∂Rϕ+ (2R)
−1 sin 2ϕ
)
(6)
Likewise we write for the elastic free energy containing a
3splay and a twist contribution:
Fel
A
∼ K1
2
(∇ · nˆ1)2 + K2
2
(nˆ2 · ∇ × nˆ2)2
∼ K1
2
(∂Rψ +R
−1ψ)2 +
K2
2
(∂Rϕ+ (2R)
−1 sin 2ϕ)2
(7)
where the curvature terms have been obtained from re-
placing nˆ1 and nˆ2 by Eq. (1) assuming weak splay ψ  1,
so that nˆ ∼ cosϕzˆ + sinϕαˆ + ψRˆ. The reference ex-
cess free energy for the untwisted fluid membrane simply
reads Fex/A ∼ K0. The moduli Kn are associated with
the propensity of the rods to align (K0), transmit chiral
torques (Kt) and provide elastic resistance to fluctuations
of the director field (K1 and K2). They are defined in
terms of the following orientational averages:
K0 = −ρ
2
0
2
〈〈f(ωˆ1)f(ωˆ2)M0〉〉
Kt = −ρ
2
0
2
〈〈f(ωˆ1)f˙(ωˆ2)ω2yM1〉〉
K1 = −ρ
2
0
2
〈〈f˙(ωˆ1)f˙(ωˆ2)ω1xω2xM2〉〉
K2 = −ρ
2
0
2
〈〈f˙(ωˆ1)f˙(ωˆ2)ω1yω2yM2〉〉 (8)
The kernels Mn are defined in terms of weighted second-
virial integrals thus giving the moduli a distinct micro-
scopic basis:
Mn =
∫
dr(r · x)nΦ(r, ωˆ1, ωˆ2) (9)
In the case of hard rods, where the pair potential is in-
finite if the cores overlap and zero if they do not, these
expressions can be identified as generalised excluded ar-
eas. The overlap integrals Eq. (9) can be deduced an-
alytically. Considering hard cylinders and retaining the
leading order expressions in the limit of infinite aspect
ratio L/D →∞ we arrive at the following expressions:
M0 ∼ LDW−| sin γ|
M2 ∼ L
3D
12
| sin γ| (ω1zω2x − ω2zω1x)
2
ω21zω
2
2z
× [(ω21z + ω22z)W− + ω1zω2zW+] (10)
with W± = (|ω1z − ω2z| ± |ω1z + ω2z|)/ω1zω2z. The first
contribution is identical to the one derived in Ref. [22]
where it was used to determine the interfacial structure
of a rod fluid, whereas the second expression is needed
for the calculation of the elastic moduli.
A. Bend elasticity
In addition to the twist and splay elastcity, there is a
bend elastic contribution which is due solely to the local
curvature of the twisted membrane if the tilt angle ϕ
is nonzero. A perfectly aligned smectic membrane does
not experience any bend elasticity. The bend term is
proportional to the square of the tilt angle ϕ leading to
a curvature correction to Eq. (5). A simple geometric
analysis of the curvature-induced fluctuation of the local
director gives:
nˆ3 ∼ zˆ+ Y
2
(sinϕ)2
R
xˆ (11)
where ϕ  1. This translates into a bend elastic free
energy
Fel
A
∼ K3
2
(nˆ3 ×∇× nˆ3)2 ∼ K3
2
(sinϕ)4
R2
(12)
q with the corresponding modulus given by:
K3 = −ρ
2
0
8
〈〈f˙(ωˆ1)f˙(ωˆ2)ω1yω2yM2〉〉 = 1
4
K2 (13)
Clearly, the bend elasticity strongly expels twist near the
core of the membrane where the curvature 1/R is large.
B. Chiral twisting strength
The torque-field contribution M1 can be estimated by
considering a weakly chiral pair potential Uc described by
some arbitrary but short-ranged spatial decay function
g(r) describing the range over which chiral forces interact
and chiral amplitude εc much smaller than the thermal
energy. This potential takes the following generic form
[23]:
Uc ∼ εcg(r)(ωˆ1 × ωˆ2 · xˆ)(ωˆ1 · ωˆ2) (14)
Adopting a simple van der Waals approach allows us to
approximate Φ ∼ −Uc so that the strength of the mi-
croscopic torques transmitted by the rods is quantified
by:
M1 ∼ ε¯c([(I− zˆ⊗ zˆ) · (ωˆ1 × ωˆ2)] · xˆ)(ωˆ1 · ωˆ2) (15)
where the tensor (with I the unity matrix) imparts the
projection of a 3D vector (in this case the cross product
of the rod vectors) onto the 2D lab frame of the mem-
brane. The integrated chiral amplitude ε¯c is distinctly
different from that of a 3D cholesteric system as it im-
plicitly encodes the geometric confinement since r is a 2D
vector:
ε¯c = εc
∫
dr(r · xˆ)g(r) (16)
The chiral potential drives the twisting of the membrane
and Kt provides an explicit link between the coarse-
grained effective torque-field Ft and the range and am-
plitude of the chiral pair potential.
4C. Gaussian approximation
Proceeding toward an explicit calculation of the moduli
Kn we consider a simple Gaussian Ansatz for the orien-
tational fluctuations around the local director [24]:
fG(ωˆ) ∼ σ
4pi
e−
1
2σθ
2
(17)
in terms of a variational order parameter σ  1 describ-
ing weak fluctuations in the polar angle θ = cos−1(ωˆ ·
nˆ)  1 of each rod. Its mirror form θ → pi − θ ap-
plies to rods pointing anti-parallel to the local director
(assuming both have equal probability, i.e. there is no
polarity). The derivative featuring in the expressions for
the elastic moduli Eq. (8) simply reads f˙G = σfG. In the
weak fluctuation limit θ  1 we write up to leading order
ωˆ = {θ sinφ, θ cosφ, 1}. If we further assume zero local
biaxiality across the membrane then f does not depend
on the azimuthal angle φ. We can mitigate the azimuthal
dependency by writing φ2 = φ1+∆φ and pre-integrating
the kernels via (2pi)−1
∫ 2pi
0
dφ1. Some basic trigonometric
manipulations allow us to express the kernels in terms
of the relevant angular variables (retaining the leading
order terms only). Tedious but straightforward algebra
then gives us the following asymptotic expressions for the
angular dependencies:
M0 ∼ −2LD|γ|
ω2yM1 ∼ −1
2
ε¯cθ
2
2
ω1yω2yM2 ∼ L
3D
24
(|γ|θ21θ22 cos 2∆φ− |γ|θ31θ2 cos ∆φ)
ω1xω2xM2 ∼ L
3D
12
×
[
|γ|θ21θ22
(
1 +
1
2
cos 2∆φ
)
− 3
2
|γ|θ31θ2 cos ∆φ
]
(18)
Throughout the analysis we fix the rod diameter D as
unit length in terms of a dimensionless density ρ0 →
ρ0D
2, rod length (aspect ratio) ` = L/D, gradient ∇ →
D∇ and chiral strength ε¯c → D−3ε¯c. With the help of
the Gaussian averages of the angular terms calculated in
[20] we obtain the following asymptotic expression for the
reference excess free energy:
Fex
A
= K0 ∼ ρ20`
(pi
σ
) 1
2
(19)
Combining this with the orientational free energy,
Fid/A ∼ ρ0(lnσ − 1) for freely rotating uniaxial parti-
cles and minimising with respect to σ yields a common
quadratic scaling of the Gaussian variational parameter
with density, namely σ ∼ pi4 ρ20`2 [24]. Employing the
Gaussian averages listed in the Appendix and applying
some algebraic manipulation we can work out the explicit
density-dependence of the nematic alignment, torque-
field, twist and bend elastic constants, respectively:
K0 ∼ 2ρ0
Kt ∼ −ρ20ε¯c
K2 ∼ ρ0`
2
12
K1 ∼ 17ρ0`
2
24
=
17
2
K2 (20)
These results summarise the main findings of this study.
We conclude that the moduli of rodlike particle confined
to a membrane are different from those of of 3D bulk ne-
matic fluid. In the limit of asymptotic alignment, the
splay-to-twist ratio of a bulk fluid [20] was predicted
to scale as K1/K2 ∼ 3 whereas a much higher ratio
K1/K2 ∼ 17/2 is found for the membrane. The bend-
to-twist ratio for a hard rod nematic fluid was found
to be proportional to the degree of nematic alignment
K3/K2 ∼ σ  1 [20] where σ is steered by the rod con-
centration. The curvature-to-twist elasticity of a mem-
brane turns out to be smaller than unity K3/K2 ∼ 1/4
and independent of the rod concentration. In other
words, rods confined to a membrane experience a much
stronger resistance to splay fluctuations whereas bend
fluctuations are far less penalised compared to a 3D ne-
matic fluid. Since the splay modulus is about an order
of magnitude larger than the twist elasticity, we expect
director deformations whereby rods tilt along the radial
vector of the membrane to be of marginal importance.
Fluctuations in the splay angle ψ can therefore be safely
ignored by keeping ψ = 0 in Eq. (1).
With the scaling expressions for the elastic moduli at
hand we proceed toward analyzing the continuum expres-
sion for the twist-bend elastic free energy which takes the
following form:
Fmem
K2
=
∫
dR
[(
∂Rϕ+
sin 2ϕ
2R
+ q0
)2
+
K3
K2
(sinϕ)4
R2
+
1
λ2t
(sinϕ)2
]
(21)
This expression is similar to the one discussed in Ref.
[13] and is defined in terms of the inverse pitch q0 =
−Kt/K2 ∼ 12ρ0ε¯c/`2 quantifying the chiral strength,
and bend-to-twist elasticity K3/K2 = 1/4. We remark
that the membrane elastic moduli are strictly 2D quan-
tities with dimension energy. The last term embodies,
albeit in a heuristic way, the effect of depletion attrac-
tion due to the non-adsorbing polymer in terms of a sim-
ple free energy Fdep ∼ a
∫
dR(sinϕ)2 + cst where a is a
tilt energy density (per unit area) related to the osmotic
pressure of the polymer reservoir and polymer radius of
gyration. A quantitative relation for a could be estab-
lished using common concepts from free-volume theory
[25] which we will not pursue here. While more sophisti-
cated expressions for the depletion free energy have been
proposed in Ref. [11] the simple sine squared contri-
bution is chosen here for simplicity and is in line with
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FIG. 2: Typical twist angle profiles plotted versus the
membrane distance from the core obtained from minimising
Eq. (21). The curves are normalised in terms of the maxi-
mum twist angle ϕmax at the membrane edge and correspond
to (a) different membrane radii Rm at a fixed pitch q0 = 0.05
and twist penetration depth λt = 10, (b) various λt at fixed
R = 50 and q0 = 0.05, and (c) different values of the chiral
pitch q0 at fixed R = 100 and λt = 10. The inset displays the
evolution of the edge twist angle as a function of the pitch q0
for the parameters indicated.
de Gennes’ original treatment of twist expulsion towards
the edges or around defects of smectic layers in analogy
with superconductors [12, 13]. It captures the basic trend
that the local director tilting away from the membrane
normal compromises the free volume experienced by the
non-adsorbing polymer thereby inducing a free energy
penalty. Out-of-plane fluctuations where the rod centre-
of-mass departs from the 2D plane turn out negligible
for strongly slender rods ` 1 and are not included [11].
Ignoring the curvature terms R → ∞ and considering a
smectic layer on an infinite half-plane enables an analyt-
ical minimisation of the free energy in terms of the twist
penetration depth λt =
√
K2/a [12, 13]. For the circu-
lar membrane, a simple simulated-annealing Monte Carlo
algorithm can be employed to minimise the free energy
with respect to the twist angle ϕ(R) for any given triplet
of length scales, namely the bulk pitch q−10 , twist pen-
etration depth λt and membrane radius Rm. With the
twist elastic modulus and chiral amplitude being micro-
scopically defined Eq. (20) a simple one-parameter fit-
ting procedure can be used to determine the depletion
strength a and the twist penetration depth λt.
An overview of the results is shown in Fig. 2. The
twisting becomes more pronounced toward the mem-
brane edge when the twist penetration depth becomes
shorter (Fig. 2b) as expected, but also when membrane
size grows larger (Fig. 2a). Increasing the chiral ampli-
tude through the pitch q0 merely enhanced the maxi-
mum twist angle while keeping the overall shape of the
twist angle profile largely unchanged (Fig. 2c). It is fairly
straightforward to generalise Eq. (21) using the full pa-
rameterisation Eq. (1) to account for the splay contribu-
tions that are proportional to ψ and its gradients. Per-
forming a Monte Carlo minimisation of the membrane
free energy for the coupled angles ψ(R) and ϕ(R) we
find that that splay angle remains negligibly small across
the membrane so that the omission of splay effects seems
fully justified a posteriori.
III. CONCLUSIONS
In this study we have calculated the elastic moduli
of a smectic membrane composed of elongated rods in
an effort to arrive at more a judicious modelling of the
mesoscopic twist profile imparted by chiral rods such as
fd virus particles assembled into a smectic film [1, 8].
While the focus in this study has been on strictly hard
rods, assuming the presence of soft chiral forces to be
a mere perturbative effect not influencing the elasticity
of the membrane, the theory can be easily extended to-
wards more general rod potentials including attractive
contributions, for instance, those mediated by any type
of short-range bonding or patchy potential. A simple van
der Waals high-temperature expansion, along the lines of
the chiral amplitude discussed in Sec. II-B, usually suf-
fices to capture the main impact of particle softness and
to gauge the effect of temperature on the elastic proper-
ties [26].
Microscopic knowledge of the elastic and chiral am-
plitude is the key to devising more appropriate mod-
els to predict the structure-property relation of smectic
membranes. For example, particle-level approaches sim-
ilar to the one presented in this work may be explored
to model chiral ribbons [4, 8] or, more generally, self-
assembled polymeric morphologies where the interplay
between twist and elasticity plays a central role [2]. The
quantitative merits of the scaling expressions derived in
this study are currently being tested against computer
simulations based on strongly elongated spherocylinders
mixed with penetrable hard spheres acting as a depletion
agent with a twisted mesostructure mediated by an ad-
ditional controllable chiral potential similar to Eq. (14).
The findings of this study will be published in a future
paper.
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Appendix
For the calculation of the asymptotic expressions of
the elastic moduli we have used the following Gaussian
averages deduced from Ref. [20]:
〈〈|γ|θ31θ2 cos ∆φ〉〉 ∼ −
7
4
pi
1
2σ−
5
2
〈〈|γ|θ21θ22 cos 2∆φ〉〉 ∼
1
4
pi
1
2σ−
5
2
〈〈|γ|θ21θ22〉〉 ∼
23
4
pi
1
2σ−
5
2 (22)
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